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Abstract
Let n be a natural number. Erdos, Ginzburg and Ziv proved that every sequence of elements
of ;En with length at least 2n - I contains an n-subsequence (subsequence oflength n) with a zero
sum. Generalizations of this result are obtained by Bialostocki-Dierker, Caro and Bialostocki-
Lotspeich. We generalize the above result as follows.
Let A be a set with cardinality at least 2n - 3 and f: A ~ ;En; then either
• there exists an n-subset S c:; A such that LXES f(x) = 0 or
• there are a, bE;En such that ;En is generated by b - a and If- 1(a)1 = n - I and one of the
following conditions hold.
(i) IAI ~ 2n - 2 and Ir 1 (b)I = IAI- n + I,
(ii) IAI = 2n - 3 and Ir 1 (b)1 = n - 3 and Ir 1(2b - a)l = 1.
Let a, U E;En be such that ;En is generated by u. Clearly, the sequence (a .,. a, a + U ••• a + u)
'----v---' '--y-------J
n times n - 1 times
contains exactly one n-subsequence with zero sum. We show that every (2n - I)-sequence in
;En which is not of this type contains 5 n-subsequences with a zero sum.
1. Introduction
Let n be a natural number, A be a set and let f: A -+ 7Ln• Erdos et al. proved in [5]
that there exists an n-subset S s; A such that LXES f(x) = 0, when IAI ~ 2n - 1.
Motivated by some Ramsey problems, Bialostocki and Dierker proved in [1] for
IAI = 2n - 2 and for allf: A -+ 7Ln, such that If(A)\ ~ 3, there exists an n-subset S s; A
L XES f(x) = 0.
Caro [3,4] proved that under the condition IAI = 2n - 2, there is an n-subset S s; A
such that L XES f(x) =°or there are a, bE 7Ln such that 7Ln is generated by b - a and
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If- 1 (a)1 = If- 1 (b)1 = n - 1. More recently, Bialostocki and Lotspeich proved in [2]
that for IAI = 2n - 3 and If(A)1 ~ 4, there exists an n-subset S <;; A such that
LXESf(x) = O.
In this paper we generalize the above results as follows.
Let A be a set with cardinality 2n - 3 and f: A ~ 7l.n, then
• there exists an n-subset S <;; A such that L XES f(x) = 0 or
• there are a, bE 7l.n such that 7l.n is generated by b - a and If- 1(a)1 = n - 1 and
one of the following conditions holds.
(i) IAI ~ 2n - 2 and If- 1 (b)1 = IAI- n + 1,
(ii) IAI = 2n - 3 and If- 1(b)1 = n - 3 and If- 1(2b - a)1 = 1.
2. The tools
We use the following results. The first lemma is well known. The subgroup
generated by an element x will be denoted by <x).
Lemma 2.1. Let n E Nand IAI ~ n. Let f: A ~ 7l.n• Then there is a nonempty B <;; A
such that L XES f(x) = o.
We use also the following theorem.
Theorem 2.2 (Bialostocki and Lotspeich [2]). Let n ~ 4 and IAI ~ 2n - 3. Let
f: A ~ 7l.n such that If(A)1 ~ 4. Then there is B <;; A such that IBI = nand
LXEBf(x) = o.
The following lemma is a special case of an unpublished result proved by
Hamidoune [6]. We include a proof of it for the commodity of the reader.
Lemma 2.3 (Hamidoune [6]). Let n ~ 3 and IAI ~ n - 2. Let f: A ~ 7l.n such that
If(A)1 ~ 2. Then there is a nonempty B <;; A such that LXEBf(x) = 0 or there is a E71.:
such that one of the following conditions holds.
(i) IAI ~ n - 1 and f- 1 (a) = A,
(ii) IAI = n - 2 and If- 1 (a)1 = n - 3 and If- 1(2a)1 = 1.
Proof. The result is obvious if If(A)1 = 1. Set f(A) = {u, v}, with If- 1 (u)1 ~ If- 1(v)l.
We know that ifl<u)1 ~ If- 1(u)l, thenf- 1(u) already contains a nonempty part with
null sum. Hence, we may assume that l<u)1 ~ If- 1 (u)1 + 1 and l<v)1 ~ If- 1 (v)1 + 1.
In the case If- 1 (u)1 = If- 1 (v)l, we shall assume l<u)1 ~ l<v)l. We prove first that
l<u)1 = n. Assume the contrary. Since If- 1 (u)1 ~ nl2 - 1, we have that n is even and
l<u)1 = n12. Therefore, l<v)1 ~ n12. But If- 1 (v)1 ~ nl2 - 1, and hence l<v)1 = n12.
Therefore, <u) = <v), since 7l.n contains a unique subgroup of order n12. By
Lemma 2.1, there is a nonempty subset B such that LXEBf(x) = 0, a contradiction.
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We may assume, without loss ofgenerality, U = 1and v = sin Zn, where 2 :0:; s :0:; n - 1.
Clearly, s:O:; n -If- 1(u)1 :0:; n/2 + 1. The reader may check easily that we have either
a subset with sum n, or s = 2and If- 1 (s)1 = 1. The lemma is now obvious. 0
3. Main results
This section presents the main results of this work.
Theorem 3.1. Let n ~ 3 and IA! ~ 2n - 3. Let f: A -. Zn such that LXEBf(x) =I- 0, for
all B <;:: A such that IB! = n. There are a, b E Zn with b - a E Z~ such that one of the
following conditions holds.
(i) IAI:O:; 2n - 2 and If- 1(a)1 = n -1 and If- 1(b)1 = IAI- n + 1,
(ii) IAI = 2n - 3 and If- 1(a)1 = n - 1 and If- 1(b)1 = n - 3 and If- 1(2b - a)1 = 1.
Proof. By Theorem 2.2, If(A)\:O:; 3. Choose a such that If- 1(a)! ~ If- 1(x)\, for all x.
Clearly, If- 1(a)I ~ in - 1.
Let S10 S2' ... , Sj be a maximal family of subsets of A\f- 1(a) such that IS;! :0:; nand
L XES, (f(x) - a) = 0. Put S = USi' In the case that a subset S of A\f- 1(a) with
LXES (f(x) - a) =°does not exist, we have by Lemma 2.3 that (i) or (ii) holds. We
have clearly IS;! =I- 1, since otherwise Sin f- 1(a) =I- 0, contradicting the choice
Si c A\f- 1(a). Hence,
lSI =I- 1. (1)
We have clearly If- 1 (a)1 + lSI :0:; n - 1, since otherwise there is B <;:: A such that
IBI = n and IX€Bf(x) = 0. It follows that IA\(f-1(a)uS)1 ~ n - 2. By the maximality
of j, A\(f-1(a)uS) contains no nonempty subset V with LXEU (f(x) - a) = 0. By
Lemma 2.3, there is b such that n - 3:0:; If- 1(b)l. It follows that If-1(a)1 ~ n - 3.
Hence, we have
If-l(b)l~n-3 and !f-l(a)l~n-3. (2)
Then lSI :0:; 2.
Case 1: Suf- 1(a)uf- 1(b)=A. In this case If-1(b)l~n-2. Therefore
If- 1 (a)1 ~ n - 2.
Then lSI :0:; 1. Hence using (1), S= 0. Therefore If-1(a)1 ~ n - 1. On the other
hand, we have clearly If-1(a)1 :0:; n - 1. Hence (i) holds.
Case 2: Suf-1(a)uf-1(b) =I- A. In this casef- 1(a)uf- 1(b)uf- 1(2b - a) = A and
IAI :0:; 2n - 2. (3)
We have 2b - a~f(S). Assume the contrary and let B s; A such that
If- 1(a)nBI = 2, If- 1(b)nBI = n - 4, and If- 1(2b - a)nBI = 2. Clearly,
L XEB f(x) = 2a + (n - 4)b + 2(2b - a) = 0, a contradiction.
Therefore, we have S <;::f-1(b). We have S = 0, since otherwise If- 1 (b)1 ~
n - 3 + lSI ~ n - 1, using (1). By (2), we have IAI = 2n - 1, contradicting (3).
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Therefore, we have using (3), If- 1(a)1 ~ 2n - 3 - (n - 2) = n - 1, Hence (ii) holds. 0
Corollary 3.2. Let n ~ 6 and IAI = 2n - 1. Let f: A ~ lLn • Then one of the following
conditions holds.
(i) There exists at least 5 distinct n-subsets S of A such that L: xeS f(x) = O.
(ii) There are a,b EZn such that b - a Ell: and If- 1(a)1 = n - 1 and If- 1(b)1 = n.
Proof. Assume first that every (2n - 3)-subset of A contains an n-subset with a zero
image sum.
Clearly, every (2n - 2)-subset of A contains two distinct n-subsets with a zero image
sum.
Let x E A, B b B2 distinct n-subsets of A \ {x} with zero image sum. Clearly
IB1nB2 1 ~ 2. Let YEB 1nB2 •
Let B3, B4 distinct n-subsets of A\ {y} with zero image sum. Let Z EB3 nB4 .
Let Bs be an n-subset of A\ {y, z} with zero image sum. Clearly, Bb Bb ... ,Bs, are
distinct subsets.
Assume now that there exists S S A such that lSI = 2n - 3, and for all B S S, with
IBI = n, L: xeB f(x) =1= O. Using Theorem 3.1, we may assume, without loss of generality,
that one of the following conditions holds.
(i) ISnf- 1(0)1 = n - 1 and ISnf- 1(1)1 = n - 2,
(ii) ISnf- 1(0)1 = n - 1 and ISnf- 1(1)1 = n - 3 and ISnf-1(2)1 = 1.
In these two cases one may check easily that there are 5 distinct subsets with zero
image sum. The two cases are similar, only the first case will be considered. Assume
that (i) holds. The result is obvious if If- 1 (0)1 = n + 1 or if f(A) = {a, 1}. Assume the
contrary and let WE A\(Suf- 1(0)). By Lemma 2.3, there is a nonempty W ~
(S\(f-1(0)U{W})), with zero sum. Clearly 2:,:; IWI :,:; n -1. Now f(WuW') has zero
sum, for any W' ~ f - 1(0), where Iw' I = n - IW I. The result follows obviously. D
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